This paper presents a sufficient condition for the vanishing of the cohomology groups of an associative algebra.
The main result.
Throughout this section, A is assumed to be an associative algebra with unity over a field F. Let M be a two sided A-module, i.e. an The following result, which yields our vanishing theorem, is interesting in its own right.1 Proposition l.i. ¿0^ + 7,015 = ^.
PROOF. For n < 0 there is nothing to be shown. We proceed by induction on n, noting that the cases n = 0,1 can be easily verified. Suppose that n > 2. Given Directly from the definitions we obtain the identities
Now suppose that / G Cn(A, M). It evidently suffices to show that
From (1) and (2) we conclude
The inductive hypothesis yields _ S(la(fb))+la(6(fb))=»a(fb).
We combine this with the above identities in order to obtain i3) (6ola + lao6)(f)b=
Applying (1) to fa we obtain
we see that the last two summands of (3) PROOF. By assumption lc is a nonzero homomorphism of (A®^ Aopp)-modules. Hence lc is invertible and our above remarks yield the desired result.
We now specialize our considerations to supplemented algebras. Such an algebra is given by a pair (A, e), where e: A -> F is a homomorphism of F-algebras. The supplementation map e canonically endows every left A-module M with the structure of a two sided A-module by means of (a ® b) ■ m := e(b)a ■ m.
We put A+ := kere and note that for every a G A+ the left multiplication by a®l -l®aonM coincides with the mapping m -* a ■ m. We may therefore restate our results as follows. PROOF. As B = B+ + F ■ 1 is contained in the centralizer of c in A, the result is an immediate consequence of (1.2) and the above remarks.
By the same token we obtain: COROLLARY 1.5. Let M be an irreducible module of a supplemented algebra A. 7/G(A+)-M/0, thenHn(A,M) = OVn.
2. Cohomology of Lie algebras. Throughout this section, L will denote a Lie algebra over F. According to the Poincaré-Birkhoff-Witt Theorem, L is a sub-Lie algebra of its universal enveloping algebra U(L). Let e: U(L) -> F be the associative extension of the zero map L -> F. The theory of derived functors warrants that the cohomology groups of L with coefficients in an L-module M (cf. [3] ) are isomorphic to the corresponding groups of the supplemented algebra (U(L),e).
The following result, which is a direct consequence of (1.4), was obtained by Dzhumadil'daev for special central elements of the universal enveloping algebra of a finite-dimensional modular Lie algebra. Then Hn(L, M) = 0 for every n.
As an application we shall retrieve the following classical result. 
